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£f) • Abstract. The classical and quantum dynamics of noncanonically coupled oscilla- 

tors is investigated in its relation to Lie superalgebras. It is shown that the quantum 
dynamics admits a hidden (super)hamiltonian formulation and, hence, preserves the 
, initial operator relations. 

On 



I. INTRODUCTION 



It is well-known that classical and quantum dynamics of hamiltonian systems 
is often described by remarkable algebraic structures such as Lie algebras, their 
nonlinear generalizations and (quantum) deformations [1,2]. It seems that not less 
important objects govern a behaviour of the interacting hamiltonian systems and 
that they maybe unravelled in a certain way. There exist several forms of an inter- 
action of hamiltonian systems: often it has a potential character, sometimes it is 
ruled by a deformation of the Poisson brackets; however, one of the most intriguing 
and mathematically less explored forms is a nonhamiltonian (noncanonical) inter- 
action, which can not be described by deformations of the standard hamiltonian 
data (Poisson brackets and hamiltonians) . Sometimes, such curious interaction is 
realized by the dependence (which is linear in the simplest cases [3] being nonlinear 
in general [4] ) of the Poisson brackets of one hamiltonian system on the state of an- 
other [3]. The pair of noncanonically coupled oscillators is one of the simplest and 
the most crucial examples of the nonhamiltonian interaction [3] . The purpose of this 
paper is to describe the classical and quantum dynamics of noncanonically coupled 
oscillators in a general setting. For that we use the following algebraic structures 
(and their representations): (a) isotopic pairs (a particular linear case of general 
I-pairs of the note [4]), (b) anti-Jordan pairs, (c) anti-Lie triple systems, (d) Lie 
superalgebras. A brief description of relations between these algebraic structures 
is presented at the end of par. II. 



1 Current address: Laboratoire de Physique Theorique de l'Ecole Normale Superieure, 24 rue 
Lhomond, 75231 Paris Cedex 05, France (e-mail: juriev@physique.ens.fr). 



2 



II. GENERAL DEFINITIONS 

Definition 1 [3]. The pair (Vi, V 2 ) of linear spaces is called an isotopic pair iff 
there are defined two mappings m\ : V 2 <S> A 2 ^1 l— ^ ^1 an d m 2 : Vi (8> /\ 2 V2 1— > V2 
such that the mappings (X, Y) ^ [X, Y] A = m 1 (A, X, Y) (X, Y eV u Ae V 2 ) and 
(A, B) ^ [A, B] x = m 2 (X, A, B) (A, B G V 2 , X G Vi) obey the Jacobi identity for 
all values of a subscript parameter (such operations will be called isocommutators 
and the subscript parameters will be called isotopic elements or shortly isotopies) 
and are compatible to each other, i.e. the identities 

[X, Y] [A , B]z =|([[X, Z] A , Y] B + [[X, Y] A , Z] B + [[Z, Y] a , X] b - 
[[X, Z] B , Y] A - [[X, Y] B ,Z] A - [[Z, Y] B , X] A ) 

and 

[A, B] [x , Y]c =±([L4, C] x , B] Y + [[A, B] x , C] Y + [[C, B] x , A] Y - 
[[A, C] Y , B] x - [[A, B] Y , C] x - [[C, B] Y , A] x ) 
(X, Y,Z eVi, A,B,C G V 2 ) hold. 
Let's discuss this defintion. 

First, it may be considered as a result of an axiomatization of the following 
trivial construction: let A be an associative algebra (f.e. any matrix one) and V\, 
V 2 be two linear subspaces in it such that V\ is closed under the isocommutators 
(X, Y) 1— > [X, Y] A = XAY — Y AX with isotopic elements A from V 2 , whereas V 2 is 
closed under the isocommutators (A, B) 1— > [A, B] x = AXB — BXA with isotopic 
elements X from V±. 

Remark 1. Let H be a (finite dimensional) linear space. If A is a subspace of 
End(#) let's put A* = {X E End(if), VA G A, V5 G A, AXE - MA G A}. Then 
A C A Vl and (A, A') is an isotopic pair. 

It is rather interesting to unravel the most general setting for such construction. 
Namely, let [•, -] a (a G 21) be a linear family of compatible Lie brackets on V. When 
the bracket [•, •] ckO/3 (Z e V) defined on V as 

z 

[X, Y] a<> p = U[[X, Z] A , Y] B + [[X, Y] A , Z] B + [[Z, Y] A , X] B - (a <— (3)) 

z 

is a Lie bracket compatible with brackets [•, -] a and [•, -\p (a, (3 G 21)? 

Certainly, the 0-equivariant case is the most important one but, unfortunately, 
I do not know any answer on this simple question. The existence of (>~operation 
on the space of compatible Lie brackets depends on the correctness of the follow- 
ing conjecture: let [•, -] Q (a G 21) be a linear family of compatible Lie brackets 
on the linear space V, then there exist a linear space H and two linear map- 
pings T G Hom(F;End(i/)) and Q G Hom(2l; End(H)) such that T([X,Y] a ) = 
T(X)Q(a)T(Y) - T(Y)Q(a)T(X). 

Remark 2. Let A C End(if), dim A = n, Lie n be the space of all Lie algebras of 
dimension n. Then there exists a natural mapping C : A' 1 1— > Lie n . It should be 
mentioned that card£(A') may be not equal to 1 so C(X) and C(Y) are not the 
same in general for different X and Y. It means that the isocommutators [-,-] x 
and [-,-]y determine structures of nonisomorphic Lie algebras on the space A in 
general (though they may be isomorphic in particular). 

Second, one may compare def.l with the definition of "anti- Jordan pairs" [5]. 
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Definition 2 (cf. [6] ) . The pair ( V\ , V 2 ) of linear spaces is called an anti- Jordan pair 

2 2 

iff there are defined two mappings m\ : V 2 <E> A Vi i— > V"i and m 2 '■ V\ ® f\ V 2 i— > V 2 
such that the mappings (X, Y) ^ [X, F]^ = m 1 (A, X, Y) (X, Y G Vi, A G V 2 ) and 
(A, B) i-> [A, B] x = m 2 (X, A, B) (A, B G V 2 , X G Vi) are compatible to each other 
in the following manner 

[X, Y][A,B] Z =[[X, Z] A , Y] B + [[Z, Y] A , X] B - [[X, Y] B , Z] a 

and 

[A, B] [XjY]c =[[A, C] x , B] Y + [[C, B] x , A] y - [[A, B] Y , C] x 

(X, Y,ZeV u A,B,Ce V 2 ) hold. 

It can be easily verified that isotopic pairs are always anti-Jordan pairs (to obtain 
it one should use the Jacobi identity linearized by subscript parameters), and that 
the anti-Jordan pairs with a multiplication, obeying Jacobi identity if a subscript 
parameter is fixed in any way, are just the isotopic pairs. So the isotopic pairs may 
be considered as a particular case of the anti- Jordan pairs. Note that there exist 
examples of anti- Jordan pairs, which are not isotopic ones [5]. 

Anti- Jordan pairs are closely related to the (polarized) anti-Lie triple systems 
and Lie superalgebras [5] (cf. also [7]). Namely, 

Definition 3. The ternary algebra V with product [xyz] is called an anti-Lie 
triple system if 

(1) [xyz] = [xzy], 

(2) [xyz] + [zxy] + [yzx] = 0, 

(3) [[xyzjwf] = [[xwwji/z] + [x[j/wii]2;] + [xy[zuv ]]. 

An anti-Lie triple system V is polarized iff V = V\ © V 2 and [xyz] = for y, z G V\ 
or y,z G V 2 . 

If V is an anti-Lie triple system let's put R yz G End(F) : R yz x = [xyz]. The 
operators R yz are closed under commutators so that Qo(V) = span(i? y2 ; y, z G 
V) is a Lie algebra. The space Qo(V) © V possesses a natural structure of a Lie 
superalgebra [8] with the even part Qo(V) and the odd part V [5]. It will be denoted 
by s(V). Polarized anti-Lie triple systems V = V\ © V 2 produce polarized Lie 
superalgebras g(V) = g (V) © (Vi © V 2 ) such that [V it V*]+ = 0, [ (V), V,]_ C V, (it 
should be marked that there is sometimes asserted that V 2 ~ V* as g (V)-modules, 
however, we shall not do it in general). 

An arbitrary anti- Jordan pair (so an isotopic pair, in particular) has a structure 
of a polarized anti-Lie triple system. Namely, one should put [xyz] = [z,x] y (iff z 
belongs to the same space Vi as x) and [|/,x] 2 (iff y belongs to the same space Vi 
as x). 

Remark 3. Let's summarize the relations between the concepts of "isotopic pair", 
" anti-Jordan pair" , " polarized anti-Lie triple system" and " polarized Lie superal- 
gebra" once more. 

(1) Each isotopic pair is an anti- Jordan pair, though there exist anti- Jordan 
pairs, which are not isotopic. It means that isotopic pairs form a proper 
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(2) Categories of anti-Jordan pairs and polarized anti-Lie triple systems are 
equivalent. It means that each anti- Jordan pair defines a polarized anti- 
Lie triple system and vice versa. 

(3) Categories of polarized anti-Lie triple systems and polarized Lie superalge- 
bras are equivalent. On the other hand polarized anti-Lie triple systems and 
polarized Lie superalgebras are particular cases of anti-Lie triple systems 
and Lie superalgebras respectively and the marked equivalency of categories 
is a particular case of the equivalency of categories of anti-Lie triple systems 
and Lie superalgebras. 

(4) As a consequence of (2) and (3) categories of anti- Jordan pairs and polarized 
Lie superalgebras are equivalent. 

(5) As a consequence of (1) and (4) each isotopic pair defines a polarized Lie 
superalgebra but not vice versa. 

An illustrative example to the construction of a Lie superalgebra by an isotopic 
pair is convenient. Example: let H\ and H2 be two linear spaces, (Hom(.Hi, H2); 
Hom(i^2, Hi)) is an isotopic pair, the corresponding Lie superalgebra is isomorphic 
to gl(n\m), n = dim .Hi, m = dimi7 2 . 

Note that the isocommutators in an isotopic pair (Vi, V 2 ) define families of Pois- 
son brackets {•, -}a and {•, -}x (A G V 2 , X E Vi) in the spaces S'(Vi) and -S' (V2), 
respectively. 

Definition 4 (cf.[3]). Let's consider two elements Hi and H2 ("hamiltonians") in 
S'(Vi) and S'(V2), respectively. The equations 

X t = {Hi,X t } At , A t = {H 2 ,A t } Xt , 

where X t e Vi and A t e V2 are called the (nonlinear) dynamical equations asso- 
ciated with the isotopic pair (Vi, V2) and "hamiltonians" Hi and H 2 (it should be 
marked that "hamiltonians" are not even integrals of motion in a general situation). 

It should be mentioned that the dynamical equations associated with isotopic 
pairs are a particular case of such equations associated with general I-pairs [4]. 

III. ISOTOPIC PAIR OF NONCANONICALLY 
COUPLED OSCILLATORS: ALGEBRAIC ASPECTS 

Let's now consider the isotopic pairs of noncanonically coupled oscillators [3,6]. 
The space Vi is spanned by the elements p, q and r and the space V 2 is spanned by 
the elements a, b and c. The isocommutators have the form 



[p, q] a 


= 25K7 


\p,q]b = 


2eip 


\p, q\c = 


e 3 r 


\p,r] a 


= e 2 r 


\p,r] b = 





[P, r] c 


= 


[q,r] a 


= 


[q,r]b = 


s 2 r 


[q,r] c 


= 


[a, b] p 


= 2£ib 


[a,b] q = 


2§ia 


[a, b] r = 


e 3 c 


[a, c] p 


= e 2 c 


[a,c] q = 





[b,c] r 


= 


[b, c]p 


= 


\b,cL = 


-e 2 c 


\a,c] r 


= 
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where 

£1 + £1 = 

62 — £~2 = £l — £l 
^3^3 - ^2^2 = 

The corresponding Lie algebra Qo(V\ © V2) is spanned (for generic e^, e~i) by 6 
operators R p , a , R p>b , i? g , a , i2 gj6 , i? r ,6 = ff -Rp,c -Rr,a = fr-R 9 ,o which have the form 



I? 




I?. 



I? 





2ei 







































£3 









■p,6 



I?. 



q,b 



Rq,c — 













2ei 





i) 




























-2ei 















-£2 








0^ 













I 





-£3 


o, 





in the basis (q,p, r) and the form 





'0 








Rp,a = | 





2ei 












£2 






2ei 





-R<j,a = 


(: 




















( 








-Rp, c = 1 













\-e 2 






R P ,b — 



Rq,b - 



R, 



q,c 











2ei 





:) 










2ei 























-£2 














1 


£2 


0/ 





in the basis (a, 6, c). 

The Lie superalgebra fl(Vi©V2) has a (super) dimension (6|6) and is generated by 
Rp,ai Rp,bi Rq,a, Rq,b, Rp,ci Rq,c, P, <?, r, a, &> c with (super) commutation relations 



[<1,P}+ = [q,r}+ = \p,r}+ = [a,b] + 
\p,a]+ = Rp, a , [q,a] + 
[q,b]+ = R q , b , [p,c] + 
[r,a]+ = fR q ,c, 



= [a,c}+ = [b,c}+ = [r,c}+ = 0, 

= Rq,a, [P, b]+ = Rp,b, 
— Rp,ci [Qi CJ + Rq,ct 

[r,b]+=fR p , c ; 
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[R P;a ,q]- = 2eiq, [R p , a ,p\- = 0, [R Pja ,r]_ = e 2 r, 

[Rq,a,q]-=0, [Rq t a,p]- = ~2eiq, [Rq,a, r] _ = 0, 

[R P ,b,q]- = 2eip, [Rp, b ,p\- = 0, [R p ^r\- = 0, 

[R q ,b,q]- = 0, [R q , b , p]_ = -2eip, [Rq ib ,r]- = -e 2 r, 

[R P ,c,q\- = £3r, [Rp, c ,p\- = 0, [R p , c ,r]- = 0, 

[R q ,c,q\- = 0, [i? g , c ,p]_ = -e 3 r, [i2, )C ,r]_ = 0, 

[R Pi a, a}- = 0, [i? P)Cl , 6]_ = 2ei6, [-R p , a , c]_ = e 2 c, 

[ilg ja ,o]_ = 0, [Rq ja ,b]- = 2eia, [i? g , a , c]_ = 0, 

[i2p,6, a]_ = -2ei6, [i? p ,6, 6]_ = 0, [i2p j6 , c]_ = 0, 

[Rq jb ,a]- = -2eia, [i2 9i6 ,6]_ =0, [i? gj6 ,c]_ = -e 2 c, 

[i? P)C ,a]_ = -e 2 c, [i2 PjC ,6]- = 0, [i? PjC ,c]_ = 0, 

[i? g , c , a]_ = 0, [i? 9)C , 6]_ = e 2 c, [-Rq, c , c] _ = 0; 

[-Rp,a? -Rp,&] — = ^^lRp,bj [Rp,ai Rq,a\ — = 2£"l-Rqr ja ? [-Rp,a? -Rp,fc] — = 0, 

[-Rp,a) -Rp,c] — = &lRp,c-, [Rp,ai Rq,c\ — = ^lRq,ci [Rp,bi Rq,a\ — = 2Ei [Rqfi ~\~ Rp,a)i 

[Rp,b, Rq,b\- = 2 £ lRp,bi [Rp,bi Rp,c]- = 0, [-Rp,6, -Rq,c] - = 2£i-R PjC , 

[-R<7,a? -R<j,fe] — = 2£ii?q a , i?p C ] _ = 2£i_Rp C , ^ a , i?^ ; c ] _ = 0, 

[Rq,bi Rp,c]- = — £lRp,ci [Rq,b, Rq,c]- = — £lRq,ci \Rp,ci Rq,c] - = 0. 

The even part of the Lie superalgebra g(Vi © V 2 ) is isomorphic to the semidirect 
sum of g[(2,C) and C 2 . On the other hand g(Vi © V 2 ) may be considered as a 
semidirect product of the Lie superalgebra s((2|l, C) generated by R p , a , R v ,b, Rq,a-> 
Rq,b, P, q, a, b and the (2|2)-dimensional vector superspace V 2 ^ 2 generated by R PyC , 

Rq,ct ft C. 

IV. ISOTOPIC PAIR OF NONCANONICALLY 
COUPLED OSCILLATORS: CLASSICAL DYNAMICS 

The dynamical equations with " hamiltonians" Hi = P 2 + Q 2 and H 2 = A 2 + B 2 
have the form 

p = - 4ei(Q 2 A + PQB) - 2e 3 RQC 
Q =4ei(PQA + P 2 B) + 2e 3 RPC 
R =2e 2 (PRA - QRB) 

A = - Aei(B 2 P + ABQ) - 2e 3 CBR 
B =4ii(ABP + A 2 Q) + 2e 3 CAR 
C =2e 2 (ACP - BCQ) 

Note that "hamiltonians" Hi = X\ and H 2 = 2f are integrals of motion here, so 
it is rather convenient to put P = Ti cos <p, Q =Ii sin ip, A = X 2 cos tp, B = X 2 sin ip. 
Then 

( <p = - 2e 3 RC - Aeilil 2 sin(> + 



R=2e 2 cos(tp + ijj)R 
C =2e 2 cos((p + ip)C 

Let's introduce °8 = tp + ip, x = £3^ — £3^ and mark that E\ + s± = 0, then 

■& = - 2(e 3 + e 3 )RC 
X =Ae 1 l 1 l 2 {e?, - £3) sintf 



Also 



therefore, 



and 



whereas 



(RCy = 2(e 2 + e 2 )cos$(RC), 



(RC)'e = - £2 + ! 2 cos?? 
£3 + £3 



RC = C- £2+£2 l 1 X 2 sin 0, 
£3 +£3 



= -2C(e 3 + e 3 ) - 2J 1 J 2 (£ 2 + e 2 ) sintf. 
Here £ = i?C + fgf^QA + PS) is an integral of motion. Note that 

( R e 2C -e 2 y = q 



so it is convenient to put 



Then 



£ 2 £ 2 
A = R ^2+^2. 



i? =A(£ - gg-lii j^a sin 7?) ^fe 

^3 + ^3 

C=j-(£- £2 + £2 JiJ 2 sin^)^fe 
A e 3 + £3 

Xi, X 2 , £ and A form a complete set of integrals of motion for generic values of 

£i- 

Let's also denote 

£ = (e 2 + e 2 ) X + 26^63-63)$ 

= [(£2 + £~2)£3 + 2£i(e 3 - £3)]^ - [( £ 2 + e 2 )e3 + 2e 1 (e 3 - e 3 )](f, 

then 

£ = 4C(e§ -e§)M + Co- 

The obtained results certainly generalize results of [3] . It is also possible to con- 
sider a hybrid coupling for the isotopic pairs of noncanonically coupled oscillators 

< „c ran 
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V. ISOTOPIC PAIR OF NONCANONICALLY 
COUPLED OSCILLATORS: REPRESENTATION 
THEORY AND QUANTUM DYNAMICS 

Definition 5. A representation of the isotopic pair (Vi, V 2 ) in the linear space W 
is a pair (Ti, T 2 ) of mappings Ti : Vi 1— > End(IV) such that 

T\([X, Y]a) =T x (X)T 2 (A)T x (Y) -Ti(y)T 2 (A)Ti(A;), 
T 2 ([i,B]x) =T 2 (^4)Ti(X)T 2 (.B) — T 2 {B)Tx{X)T 2 {A) , 

where X, Y G Vi, A, B G V 2 [6]. A representation of the isotopic pair (Vi,"^) in 
the linear space FY is called nilpotent if 

(VX i eU 1 )T 1 (X 1 )T 1 (X 2 ) = 0, 
(VA, G V 2 ) T 2 (A 1 )T 2 (A 2 ) = 0. 

A representation of the isotopic pair (Vi, V~ 2 ) in the linear space W is called split 
[6] iff W = W x © W 2 and 

(VX G Vi) T X (X)\ W2 = 0, Tx(X) : W\ h-> VY 2 , 
(Wl G V 2 ) T 2 (A)| Wi = 0, T 2 (A) : VY 2 ^ ^. 

Otherwords, operators T(X) and T(A) have the form ^ ^ ^ and ^ * ^ , re- 
spectively. Each split representation is nilpotent. 



Not that a nilpotent representation (but not an arbitrary one) of an isotopic pair 
(Vi, V 2 ) defines a representation T of the corresponding anti-Lie triple system and 
Lie superalgebra fl(Vi©V 2 ) (or its central extension 0(Ui©V" 2 )). It should be stressed 
once more that a representation of the polarized Lie superalgebra, constructed by 
an isotopic pair, may not define a representation of the least. If the representation 
of the isotopic pair (Vi, V 2 ) is split then the representation of the Lie superalgebra 
s(Vi©"V 2 ) always have a special "polarized" form: W = Wi®W 2 , T(Vi) : W\ h-> W 2 , 
T(V 2 ) :W 2 ^W 1 , go(Vi © V 2 ) : W % ^ W t . 

Note that each representation (Ti,T 2 ) of the isotopic pair (Vi, V 2 ) in the space 
W defines a split representation (T^Tg) of the same pair in the space W\ © W 2 
(Wi ~ W): 

(VX G Vi) T?(X) = L ° °V (VAGU 2 )T|(A)= ^° T2(A) 



Tipo y ' v 2; 2V v v° 

To construct a split representation of an isotopic pair (Vi, V2) one may start from 
two arbitrary Qo(Vi © V 2 )-modules W\ and W 2 , to consider suitable Qo(Vi © V2)- 
tensor operators [9] from W\ to W 2 and vice versa as candidates for T(Vi) and 
T(V 2 ), respectively, and then to check the validity of anticommutation relations 
between the tensor operators. In such approach elements of the isotopic pair (Vi, V 2 ) 
are realized as hidden symmetries with respect to 0o(Ul © V 2 ) (cf.[10,ll]). 
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Mark that the classical dynamics of noncanonically coupled oscillators was not 
somehow naturally related to Lie superalgebras, the situation in the quantum case 
is rather different. Namely, the formal quantum dynamical equations have the form 

T t Pt = -2e 1 (P t B t Q t + Q t B t P t + 2Q t A t Q t ) - e 3 (R t C t Q t + Q t C t R t ) 

f t Qt = 2e 1 (P t A t Q t + Q t A t P t + 2P t B t P t ) + e 3 (R t C t P t + P t C t R t ) 

f t R t = e 2 (P t A t R t + R t A t P t - Q t B t R t - R t B t Q t ) 

f t A t = -2e x {A t Q t B t + B t Q t A t + 2B t P t B t ) - e 3 {C t R t B t + B t R t C t ) 
f t B t = 2i 1 (A t P t Bt + B t P t A t + 2A t Q t A t ) + s 3 (C t R t A t + A t R t C t ) 
f t C t = e 2 (A t P t C t + C t P t A t - B t Q t C t - C t Q t B t ) 

The dynamics is considered in arbitrary representation of the isotopic pair of 
noncanonically coupled oscillators. Let's consider such dynamics in the correspond- 
ing split representation. First of all renormalize c and r so that R PtC = Rb )V and 
R q c = R a , r - Then the following proposition holds. 

Proposition 1. Equations of quantum dynamics of noncanonically coupled oscil- 
lators are a reduction of formal super Heisenberg equations 

faFt = [^hidden, Ft] 

in U(q(Vi © V2)) with quadratic quantum hamiltonian 

-^hidden = Pq,a ^ Pp,b ^q,b Pp,a Pp,c ^q,c 

So quantum dynamics of noncanonically coupled oscillators admits a hidden 
super-hamiltonian formulation in terms of Lie superalgebra q{V\ © V2). 

Corollary. The quantum dynamics preserves the initial operator relations: 
P t A t Qt - Q t A t Pt = 2 £l Q t , P t A t R t - R t A t P t = e 2 R t , Q t A t R t - R t A t Q t = 0, 
P t B t Qt - Q t B t Pt = 2e 1 P u P t B t R t - R t B t P t = 0, Q t B t R t - R t B t Q t = -2e 2 Ru 
PtCtQt — QtCtPt = £ 3 Rt, PtCtRt — RtCtPt = 0, QtCtRt — RtCtQt = 0, 

A t P t Bt - BtPtAt = 2e x B u A t P t C t - C t P t A t = e 2 C u B t P t C t - C t P t B t = 0, 
AtQtBt - BtQtAt = 2e x A u A t Q t C t - C t Q t A t = 0, B t Q t C t - C t Q t B t = -e 2 C u 
A t R t B t — B t RtA t = e 3 C t , B t RtC t — C t RtB t = 0, A t R t C t — C t RtA t = 0. 

VI. REMARKS 

Remark 4- Note that the dynamics of the classical Poisson brackets is not defined as 
such, because the subscript parameters are considered to be only linear functions. 
Hence, to define their conserved dynamics it is necessary to extend them correctly 
to arbitrary subscript parameters. 

Remark 5. It is interesting to consider a quantum version of hybrid couplings [3] . 

Remark 6. Though the representation theory of isotopic pairs may be imbed into 
the representation theory of (polarized) Lie superalgebras, sometimes it is rather 
reasonable to avoid it in view of the dimension growing (f.e. for isotopic pairs of 
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VII. CONCLUSIONS 

Thus, the classical and quantum dynamics of noncanonically coupled oscillators 
is investigated. The crucial role of Lie superalgebras is explicated. It is shown that 
quantum dynamics preserves the initial operator relations. 
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APPENDIX A: LIE g -BUNCHES AND ISOTOPIC PAIRS 
Definition 6. 

A [6]. Let g be a Lie algebra. A Lie g-bunch is a g-module V such that there 
exists a g-equivariant mapping g <g> f\ 2 (V) l— V-> which defines a structure of Lie 
algebra in V when the first argument is fixed in an arbitrary way; we shall denote 
this mapping by [•, -} A , A G g. 

B. A Lie g-bunch V is called complete if the Lie brackets defined by elements 
of g are closed under the operation, i.e. 

VA, B G g VX G V 3C = A§B G g : 

x 

[X,Y] C = \{[[X, Z] A ,Y} B +[[X,Y} A ,Z} B + [[Z,Y} A ,X} B -(a^(3)). 

Numerous examples of Lie g-bunches are collected in [9] . 

Proposition 2. Each complete Lie g-bunch V may be enlarged to an isotopic pair 
(V © C, g) with isocommutators 

[(X, Al), (V, (jl1)] a = ([X,Y] A + XA(Y) - ijlA(X), 0) 
[A,B] {XM) = A0B + X[A,B] 

where X,Y e V , A, B e g; A(X) is an image of an element X e V under the 
action of an element A e g, [A, B] is the commutator in g and [X,Y] A is the 
isocommutator in V . 

The proof of the proposition is straightforward. 

APPENDIX B: ISOREPRESENTATIONS OF 
LIE ALGEBRAS VIA LIE SUPERALGEBRAS 

Definition 7. Let g be a Lie algebra. An isorepresentation (Q -isorepresentation) 
of g in the linear space V is a pair (T, Q),T e Hom(g, End(U)), Q G End(U) such 
that VX,Y eg T(X)QT{Y) - T(Y)QT(X) = T([X, Y}). 

Note that a Lie algebra g maybe considered as a complete Lie C-bunch. The 
corresponding isotopic pair (C, g) will be denoted by X(g). The isorepresentations 
of g are just the representations of 1(g). The Lie superalgebra constructed from 
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isomorphic to g, which acts in the odd part as in ad ©1 (ad is the adjoint g 
module and l g is the trivial one-dimensional g-module). The mapping from the 
symmetric square of the odd part to the even part is natural: ad £g>l i— > g. It 
immediately gives a description of irreducible representations of g. First of all, let's 
consider a crucial example: 

Example. Let (Tq, Q) be an isorepresentation of g in the space V. Then V admits 
two natural representation of the Lie algebra g: WX G g T + (X) = QTq(X) and 
T~(X) = Tq(X)Q, which are equivalent if Q is invertible. 

Let T be a representation of g in the space V and Q G GL(V), then one may 
construct two equivalent isorepresentations (Tq,Q) of g in V: VX G g Tq(X) = 
Q~ 1 T{X) and Tq{X) = T(X)Q~\ 

Second, one may restrict himself by split isorepresentations (i.e. split represen- 
tations of X(g)). 

Proposition 3. Each finite dimensional irreducible split isorepresentation of g 
may be realized in the linear space V = V± © V2 (V\ ~ V2 — V a , where V a carries 
an irreducible representation T a of q) and Q is an isomorphism ofV\ onto Vi- 

Example (Two-dimensional irreducible isorepresentation of C, cf. [9]) . The operator 

Q have the form ( ^ V the generator of R is represented by ( ^ J 

This example may be straightforwardly generalized on an arbitrary Lie algebra 

g. Namely, let V = ad ©ad , the operator Q has the form ( ^ ^ J, where E is 

a unit matrix and an element X of g is represented by 



, E 
ad (X) 
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